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We consider tunneling of two interacting atoms with an even spatial symmetry. The atoms are
prepared in two lowest excited states with respect to relative and center-of-mass motions. We observe
monotonic and non-monotonic dependence of the decay rate of the total probability as a function
of the interatomic coupling strength g. We find a transition from uncorrelated to correlated pair
tunneling as a function of g and an external trap barrier. The similar system has been investigated
for two interacting 6Li atoms in the deterministic Heidelberg experiment.
I. INTRODUCTION
Understanding of quantum tunneling is a key question
which arise in various fields of physics such as a decay of
an α particle [1–3] from a nucleus, superfluidity of elec-
trons in metals [4] and 3He atoms [5]. It is still, however,
challenging to include a correlation into an analysis of
few-body systems [2, 11–13].
Only recently it has become possible for the experimen-
tal realization of a pure two-body quantum system [6–8].
This has been done in the setup of the Heidelberg group
in which they prepared two cold 6Li atoms in the ground
and lowest excited states of a dipole trap. Due to tight
confinement in the transverse direction this system can
be considered as a one-dimensional one [9]. By imposing
an additional linear magnetic field, the atoms start to
escape from the trap due to quantum tunneling mecha-
nism through the trap barrier. The interatomic coupling
strength is varied by means of a magnetic Feshbach res-
onance [10] in which the interaction could be varied in a
wide range and could be attractive or repulsive.
There were several theoretical methods to describe the
tunneling dynamics of this system [11–13]. However, they
mostly considered the tunneling from the ground state
and only from few levels of the lowest excited states. In
the present paper we extend these analyses and add more
excited states, which also consist of a center-of-mass ex-
cited state branch. We should also note similar works on
quantum tunneling [17–21]
The paper is organized as follows. Sec.II describes the
model Hamiltonian and a numerical method to solve the
time-dependent Schro¨dinger equation. Sec.III discusses
the spectrum for the initial state and tunneling dynam-
ics of upper and lower excited state branches. Sec.IV
summarizes the results.
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II. MODEL AND THE NUMERICAL METHOD
Tunneling dynamics of the two-atom system is mod-
eled by the time-dependent Schro¨dinger equation
i~
∂ψ(x1, x2, t)
∂t
= H(x1, x2)ψ(x1, x2, t), (2.1)
where the two-body Hamiltonian reads
H(x1, x2) = H1(x1) +H2(x2) + V
(aa)(x1 − x2).(2.2)
Here
Hj(xj) = − ~
2
2m
∂2
∂x2j
+ V (at)(xj), j = 1, 2. (2.3)
are the single-particle Hamiltonians, in which V (at) de-
scribe the atom-trap interaction and m is the atomic
mass.
The atom-trap potential is taken from [7, 8, 13] which
represents an optical trap and magnetic field gradient
(Fig.1):
V (at)(x) = pV0
[
1− 1
(x/xR)
2
+ 1
]
− µBCx, (2.4)
where µB is the Bohr magneton, xR = 8.548` (` =√
~/mω) is the Rayleigh range, V0 = 56.16~ω is the
maximum depth of the optical trap, p is the optical trap
depth, C depends on external magnetic-field strength,
magnetic-field gradient and the hyperfine state of the
atoms, ω = 2pi×1234 Hz is the trap frequency. These val-
ues represents realistic trap parameters used in [7, 8, 13].
We take p = 0.795 for the initial state which corresponds
to the actual value used in the experiment [7, 8, 13]. At
t > 0 we reduce the barrier width by taking p = 0.73 (if
not stated otherwise). This value ensures a fast enough
tunneling time scale from the trap potential. The param-
eter C will be defined in the following sections.
For the interatomic interaction potential V (aa)(z1−z2)
we choose the Gaussian shape [13, 23]
V (aa)(x1 − x2) = −VG exp
{
− (x1 − x2)
2
2r20
}
, (2.5)
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FIG. 1. Plot of the trapping potential V (at)(x): p = 0.795
(dashed line) plus a hard wall at x = 11` [represents the trap
at t = 0] and p = 0.73 (solid line) [represents the trap at
t > 0]
where VG and r0 - are the depth and range of the inter-
atomic interaction (2.5). The value r0 = 0.1` [13, 23] -
well represents the short-range interaction, which atoms
experience at low energies. To parameterize the inter-
action (2.5) we use the 1D contact coupling strength g
which has a simple relation with a 1D scattering length a
as g = −2~2/(ma). To compute a we solve the scattering
problem for the relative motion of the two-atom system
in the absence of the trapping potential [22, 23].
In order to integrate (2.1) we use the split-operator
method, which is based on ideas [24] and has been de-
veloped in the works [14–16] in application to confined
ultracold atom-atom collisions in waveguide-like traps:
ψ(x1, x2, t+ ∆t) = exp
{
−i∆t
2~
V (aa)(x1 − x2)
}
exp
{
− i∆tH1(x1)
~
}
exp
{
− i∆tH2(x2)
~
}
exp
{
−i∆t
2~
V (aa)(x1 − x2)
}
ψ(x1, x2, t) (2.6)
The action of the operators exp {−i∆tHj(xj)} is approx-
imated by the Crank-Nicolson scheme, which maintains
the accuracy order of the split-operator scheme (2.6) to
O(∆t3). The partial derivatives in (2.3) are approxi-
mated by the sixth-order finite-differences.
At large x1 and x2 the wave function should has a
shape of an outgoing wave. This boundary condition can
be modeled by introducing into the original Hamiltonian
(2.2) a complex absorbing potential (CAP) iW (xj) [19,
25], which absorbs the wave-packet at the edges of the
simulation grid, of the form:
W (xj) = wc(|xj | − xc)2θ(|xj | − xc), j = 1, 2, (2.7)
where θ(x) is the Heaviside step function. Final results
should not depend on a particular choice of the param-
eters wc and xc. Therefore, there is no unique choice of
these parameters, but rather a domain where the final
results do not significantly change under the variation of
them. We find that wc = −1~ω`−2 and xc = 25` lie in
that domain.
III. RESULTS
A. Initial solution and the energy spectum
The first step to integrate Eq.(2.1) is to obtain its ini-
tial solution, i.e. ψ(x1, x2, t = 0). As a reference point,
we consider the situation where the two-atom system is
initially prepared in a deep trap with p = 0.795. To
compute eigenstates and eigenenergies in such a trap we
put a hard wall, as in [13], at x = 11` (Fig.1) and as-
sume that both atoms feel the same magnetic field gra-
dient C = 1894.18 G/m. This set of parameters mim-
ics the initial state preparation used in the experiments
[7, 8]. The corresponding stationary Scho¨dinger equa-
tion is solved by means of the method from [26]. The
energy spectrum in such a trap is shown in Fig.2. We fo-
cus on the excited state branches - upper and lower ones.
These branches correspond to doubly excited states with
respect to relative and center-of-mass motions [22]. The
nodal patterns of the wave functions is shown in Fig.3. At
negative coupling (g = −1 in Fig.3) one clearly identifies
the two nodes with respect to relative (upper branch)
and center-of-mass (lower branch) motion coordinates.
When we cross the point g = 0, the nodal patterns of
these states are mixed and at g = 1 the doubly excited
relative motion state, observed for the upper branch at
g = −1, turns into the doubly excited center-of-mass mo-
tion state. The same situation, only vice versa, occurs for
the lower branch: the doubly excited center-of-mass state
turns into the doubly excited relative motion state. The
origin of such nodal pattern mixing is due to rotational
symmetry breaking at g = 0: the anharmonic terms of
the trap potential (2.4) lift the doubly degenerate har-
monic energy level [22]. Similar effect has been observed
in [22, 27, 28].
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FIG. 2. Energy spectrum of the ”closed” trapping potential
(2.4) as a function of the coupling strength g, using p = 0.795
and putting a hard wall at x = 11`. Upper and lower excited
state branches correspond to the doubly excited states with
respect to relative and center-of-mass motions [22].
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FIG. 3. Wave functions of the Hamiltonian (2.2) with p =
0.795 and a hard wall at x = 11` at various coupling strength,
g (in units of ~ω`). Here x = x1 − x2 is the relative motion
coordinate and y = x1+x2
2
is the center-of-mass motion coor-
dinate.
When computing the time-evolution of the wave func-
tion ψ(x1, x2, t) at t > 0, using (2.6), we set C1 = 1886
G/m and C2 = 1884 G/m. These values approximately
correspond to the values used for the tunneling dynam-
ics used in [13] which models the actual values used in
the experiments [7, 8]. As was pointed out in [13] the
accurate calculation of the parameters C should include
Breit-Rabi formula. In the present paper we avoid such
a consideration and expect that the qualitative picture
of the whole tunneling analysis would not be altered sig-
nificantly.
B. Upper branch
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FIG. 4. (Color online) Total probability P (t) for various cou-
pling strengths g (in units of ~ω`) with p = 0.73.
For an analysis of the tunneling dynamics we consider
the total probability P (t)
P (t) =
∫∫
Ω
dx1dx2|ψ(x1, x2, t)|2, (3.1)
where, for the integration domain Ω, we use the simula-
tion grid xk ∈ [−3, 40]. Dependence of a decay rate of the
total probability P (t) goes in a non-monotonic manner
as a function of the coupling strength g. From Fig.4, one
can notice that at g = −0.25~ω the total probability P (t)
takes an intermediate value between the total probabili-
ties P (t) at g = −3~ω and g = −1~ω. When we increase
g to g = 0 the quantity P (t) goes with an even smaller
decay rate. Further increasing of g, however, leads to ap-
proximately monotonic dependence of the decay of P (t)
on g. This non-monotonic (and monotonic behavior dis-
cussed in the next section) behavior is somewhat similar
to the behavior observed in [22].
To better understand the origin of such a non-
monotonic behavior we pick for the initial wave func-
tions the wave functions at g = −1~ω`, g = 0 and
g = 1~ω` and compute P (t) for a wide range of the cou-
pling strengths, starting from g = −3~ω` up to g = 1~ω`
(of course, the computed P (t) differ significantly from
P (t), computed with the correct initial state wave func-
tions, i.e. the initial states with the same coupling
strengths g as the value of g used for t > 0). We observe
that, for the initial states with g = 0 and g = 1~ω`, the
non-monotonic behavior still preserves: the decay rate
of P (t), starting from g = −3~ω`, decreases monotoni-
cally with increasing g, up to the decay rate of P (t) at
4g = 0, and then monotonically increases with increasing
g. However, with these three different initial states we
don’t reproduce the non-monotonic dependence of P (t)
between the g = −3~ω` and g = −1~ω`, i.e. P (t) at
g = −0.25~ω` (Fig.4). This suggests that the origin of
such peculiar behavior, perhaps, refers to the initial wave
function distribution.
If we divide the whole configuration space into regions
(Fig.5) and calculate the partial probabilities
Pk(t) =
∫∫
region k
dx1dx2|ψ(x1, x2, t)|2
k = 0, 1, 2. (3.2)
at each of the region then it is possible to extract the
mean atom number that remains in the trap during the
decay of the system. Region R2 approximately covers the
size of the two-atom trap (we take it as xj ∈ [−3, 13]) and
therefore P2 defines the probability to find the two atoms
in the trap, P1 defines the probability to find one atom
in the trap and P0 defines the probability that the two
atoms escape from the trap. The mean atom number is
defined as
N¯(t) = 2P2(t) + P1(t). (3.3)
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FIG. 5. (Color online) Partition of the configuration space
into regions R2 (the region that covers the trap size), R1 and
R0. xc is the position at which CAP starts.
An analysis of the partial probabilities for the upper
branch shows that the tunneling predominately goes into
the regions R1. Due to the normalization condition,
P2(t) +P1(t) +P0(t) = 1, and that P0(t) is small, we ap-
proximate P1(t) as P1(t) ≈ 1 − P2(t). Hence, the mean
atom number is calculated as N¯(t) ≈ P2(t) + 1. The
resulting N¯(t) is shown in Fig.6.
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FIG. 6. (Color online) Mean particle number N¯(t) for various
coupling strength g (in units of ~ω`).
Since the tunneling goes only into the regions R1,
within the considered time domain, we can conclude that
only the first particle tunnels out of the trap (Fig.6) while
the second particle remains in the trap with very small
decay rate [13].
C. Lower branch
The decay rate from the lower branch of the excited
states exhibits the monotonic dependence on the cou-
pling strength g: the total probability P (t) decays faster
with increasing g (Fig.7). From Fig.7 one can observe
a non-exponential decay of P (t) at g = 3~ω`. For high
enough values of g, the decay from the lower branch goes
faster than the decay from the upper branch of the ex-
cited states. This can be already noticed when comparing
the decay of P (t) at g = 0 (cf. Fig.4).
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FIG. 7. (Color online) Total probability P (t) for various cou-
pling strengths g (in units of ~ω`) using p = 0.73 at t > 0
Another interesting feature of the tunneling from this
excited state branch occurs when we explore the transi-
tion from the correlated pair tunneling to uncorrelated
one by decreasing the barrier, by using lower values of
p in (2.4). This transition takes place when the energy
level of the excited bound state is close enough to the bar-
rier level and there is strong enough attractive coupling
g. We observe that the trap value p = 0.68 (Eq.(2.4)) is
sufficient to observe such a transition. We identify the
5transition by computing the probability current
jk(x1, x2, t) =
~
2mi
(
ψ∗
∂ψ
∂xk
− ψ∂ψ
∗
∂xk
)
,
k = 1, 2. (3.4)
From Fig.8, with p = 0.68, one can notice that
|j(x1, x2, t)| at g = −2~ω` predominantly goes along the
x1 = x2 axis, which represents the tunneling of the two-
atom system as a bound object, whereas at higher values
of g, tunneling goes along the axes x1 and x2, which in-
dicates a tunneling of the first particle. For higher values
of p, p = 0.73, this correlated tunneling channel is sig-
nificantly suppressed and we observe that the sequential
particle tunneling dominates also for the strong attrac-
tion, g = −2~ω`, and also repulsion. The tunneling rate
of the second particle is expected to be negligible for the
considered time domain [13].
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FIG. 8. (Color online) Probability current |j(x1, x2, t)| of the
lower excited state branch for the coupling strength values
g/(~ω`) = −2, 0, 3 computed at t = 50 ms. The values of
the probability current shown in the legends are in ω/` units
(note the different scale for all the graphs).
IV. CONCLUSION
We model the two-atom system with a realistic trap
potential used in recent experiments [7, 8]. We have ex-
tended the analysis made in [13] by considering tunnel-
ing from other excited states. It has been found that the
decay rate from the upper excited state branch goes in
a non-monotonic manner as a function of the coupling
strength g, whereas the tunneling from the lower excited
state branch exhibits monotonic dependence as a func-
tion of g.
We find how a transition from the correlated to uncor-
related tunneling behaves with changing the trap barrier.
By decreasing the trap barrier, the correlated pair tunnel-
ing manifest itself at strong enough attractive coupling
strength g. With increasing g the two particles decay in
a sequential manner. This transition is found to be ab-
sent for higher trap barrier. The particles from the upper
branch, for the considered wide range of g, decay in the
sequential way.
The analysis made in the paper can be extended to
problems with more spatial degrees of freedom which can
include transverse optical confinement [13]. It is also in-
teresting to add more particles into the consideration.
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